We present four-loop results for the gauge β-function and the fermion mass anomalous dimension for a gauge theory with a general gauge group and a multiplet of fermions transforming according to an arbitrary representation, calculated using the dimensional reduction scheme. In the special case of a supersymmetric theory we confirm previous calculations of both the gauge β-function and the gaugino mass β-function.
Introduction
In recent papers some of us presented calculations of the QCD β-function, β s , and the fermion mass anomalous dimension (or mass β-function), γ m through three loops [1] and four loops [2] using the DRED (or DR) scheme, which is based on regularisation by dimensional reduction [3, 4] . An interesting feature of these calculations is the dependence of β s on the evanescent couplings: ε-scalar interactions that do not renormalise like the gauge coupling. At three loops β s depends on the ε-scalar Yukawa coupling, and at four loops it also depends on the ε-scalar quartic interaction. The first explicit calculations of the one loop corrections to this quartic interaction appeared in Ref. [5] (for a particular SU(2) model), and in Ref. [2] (for QCD). Here we generalise the calculation to SU(N), SO(N) and Sp(N). This involves some quite interesting and (relatively) little known group theory. We also similarly generalise the result from Ref. [2] for the ε-scalar Yukawa coupling.
Of course it is the SU(3) case described in the previous papers which is most obviously currently useful, but the general result is also of interest, for possible future applications to other symmetry groups, and if only as a further test of the validity of the DRED procedure. Our confidence in this is reinforced by once again comparing our results for the special case of supersymmetry (when there is a single fermion multiplet in the adjoint representation). The result for β s for a renormalisable N = 1 supersymmetric theory was given through four loops in Ref. [6] , the derivation being based on the completion of a construction of the coupling constant redefinition connecting the DRED scheme to the NSVZ scheme developed in Ref. [7] . Here we not only verify this result through four loops (in the special case of a theory with no superpotential) but also we verify the result for the gaugino β-function through the same order. This is of interest because of course the gaugino mass breaks supersymmetry, and the issue of regularisation and renormalisation of softly-broken supersymmetric theories present additional subtleties. The exact formula for the gaugino β-function (expressing it in terms of β s ), as first derived in Ref. [8] (inspired by an observation by Hisano and Shifman in Ref. [9] ) relied heavily on the spurion formalism, as developed in particular by Yamada [10] ; it is reassuring to find that the relationship between the two β-functions indeed holds in an explicit DRED calculation.
In section 2 we review the renormalisation procedure for a gauge theory using DRED; then in section 3 we describe the one loop renormalisation of the ε-scalar self-interaction. We first give results for the SU(N) case, explaining how to reduce to the special cases N = 2 and N = 3. We then generalise to expressions valid for an arbitrary groups.
In section 4 we give the full four-loop results for β s and γ m for the general case, and in section 5 we reduce to the special case of supersymmetry for comparison with earlier results, as described above. Finally in the Appendices we explain some of the group theory involved in the calculations and give explicit results for SO(N) and Sp(N) for the one-loop ε-scalar quartic interaction β-functions.
Gauge theory with fermions
Consider a non-abelian gauge theory with gauge fields W a µ and a multiplet of twocomponent fermions ψ A α (x) transforming according to a representation R of the gauge group G.
The Lagrangian density (in terms of bare fields) is
where
and
and the usual covariant gauge fixing and ghost (C, C * ) terms have been introduced. As usual σ µ ≡ (I, −σ) where σ are the Pauli matrices.
For the case when the theory admits a gauge invariant fermion mass term we will have 
Dimensional reduction amounts to imposing that all field variables depend only on a subset of the total number of space-time dimensions; in this case d out of 4 where d = 4 − 2ǫ. We can then make the decomposition 
It is then easy to show that
Conventional dimensional regularisation (DREG) amounts to using Eq. (8) and discarding Eq. (9).
We would now like to rewrite Eq. (8) and Eq. (9) in terms of renormalised quantities. It is clear, however, from the dimensionally reduced form of the gauge transformations:
that each term in Eq. (9) is separately invariant under gauge transformations. The W σ -fields behave exactly like scalar fields, and are hence known as ε-scalars. There is therefore no reason to expect the ψψW σ vertex to renormalise in the same way as the ψψW i vertex (except in the case of supersymmetric theories). In the case of the quartic ε-scalar interaction it is evident that more than one such coupling is permitted by Eq. (10b). In other words, we cannot in general expect the f − f tensor structure present in Eq. (9) to be preserved under renormalisation. This is clear from the abelian case, where there is no quartic interaction in L ǫ B but there is a divergent graph at one loop from a fermion loop. We are therefore led to consider the following expressions 1 for renormalised quantities L d and L ε :
In the case when we have a fermion mass term we would also have
Eq. (11) is the usual expression for the Lagrangian in terms of renormalised parameters. In Eq. (12) we have introduced a "Yukawa" coupling g e and a set of p quartic couplings λ r . (Strictly speaking, Eq. (12) should also have a mass term for the ε-scalars; but since this mass term does not affect β s or γ m we omit it here.) The number p is given by the number of independent rank four tensors H abcd which are non-vanishing when symmetrised with respect to (ab) and (cd) interchange. In the next section we discuss the quartic vertex and its renormalisation in more detail.
The ε-scalar self coupling
Let us discuss the structure of the quartic ε-scalar couplings for an arbitrary gauge group. These interactions are invariant under the symmetry G ⊗ O(2ǫ), where only the G is gauged. The renormalisation properties of scalar theories with invariances of the type G 1 ⊗ G 2 have been studied in considerable detail, for example O(m) ⊗ O(n) in the theory of critical phenomena and U(m) ⊗ U(n) in the context of QCD. In these cases, however, the scalars transform as vector (fundamental) representations of the gauge group factors whereas for us they transform as adjoints.
This raises an interesting group theory question: how many independent couplings are there for a given gauge group G? Evidently the question of how many independent tensors of the form K abcd there are is the question of how many times the singlet representation occurs in the reduction to irreducible representations of the product of four adjoint representations. (Neither this question, nor the obvious generalisation to n-tensors K a 1 ···an has been much studied in the literature; an exception being the classic work of Cvitanovic [11] , to which we will return presently). The set of tensors relevant to our problem is the subset of such tensors H abcd which is invariant with respect to (a, b) and (c, d) exchange, because of the O(2ǫ) invariance.
If we have an irreducible basis of dimensionality γ(n) for the n-tensors of the form
then a general n-tensor K a 1 ···an can be expressed in terms of the basis as
where x β are determined by the equation
Thus construction of the Q n -matrix permits reduction of an arbitrary n-tensor to the basis.
The case G = SU (N )
The fundamental representation T a of the generators R a of SU(N) satisfies where b is a constant. For the rest of this section we will adopt the usual convention whereby b = 1.
In table 1 we present some results for the dimensionality γ(n) for SU(N) as a function of N. It is interesting that Cvitanovic [11] remarks that a formula for the dimensionality of a basis (in general over-complete) is provided by the subfactorial β(n) where
It appears that for sufficiently large N we have γ(n) = β(n).
A natural choice for the basis for the case n = 4 when N ≥ 4 is given by
The reduction of the basis to γ = 8 in the case SU (3) is achieved via the relation [12, 13] 
which is not valid for N ≥ 4. The corresponding identity for general N reduces a symmetrised (N +1)-tensor consisting of N −1 d-tensors; for an elegant derivation see Ref. [14] . 2 An alternative way to define a basis which has the virtue of being immediately generalisable to any group [11] is in terms of traces of products of the generators in the defining representation, thus Tr
For the ε-scalar interactions a possible basis for N ≥ 4 is therefore
Note that the absence of a d − f type term from the basis follows from the identity
Let us introduce the couplings
and define the corresponding β functions for the u r couplings
If we write (with the normalisation of Eq. (12))
then the β-functions for the u r couplings are given at one loop by
where for the moment we suppress contributions from the gauge coupling α s and ε-scalar Yukawa coupling α e .
3 Here and for the rest of this section we suppress a factor of 1/8π 2 in every one-loop β-function.
Because of the nature of the bare theory, and to explore more easily the supersymmetric case, it is natural to consider alternative bases, for example:
We shall also see that it is this kind of basis (avoiding use of the d-tensor) that generalises most easily to other groups.
We have
so that if we write
then
The β-functions for the v r couplings are given at one loop by
where we have now included the gauge coupling contribution (note that the α Another choice of basis (in fact the one employed in Ref. [1] ) is
so thatH
and if we write
In this basis the β-functions become
to each β-function in Eq. (27) , with corresponding contributions to Eq. (32) and Eq. (37).
In Eq. (38) and subsequently we follow the following convention: our fermion representation consists of n f sets of Dirac fermions or 2n f sets of two-component fermions, in irreducible representations with identical Casimirs; and the whole representation must of course be anomaly free. We will pay particular attention to the case of an adjoint representation with n f = 1 2 , which is supersymmetric, and to the case of n f flavours, that is n f sets of fundamental two component fermions with n f sets of anti-fundamental two component fermions, which is QCD. For the definition of I 2 (R) and more details on group theoretic considerations see Appendix A.
The 1PI fermion box diagram makes a contribution to the β-functions (appropriately normalised) of the form
For a general representation this is not easily expressed in terms of one of our choice of bases. In the special case of an adjoint representation (with n f = 1 2 ), we find that
so that the complete set of β-functions for the case of an SU(N) gauge theory with an adjoint fermion multiplet is:
If we now set v 1 = v 2 = v 4 = 0 and v 3 = α e = α s the theory becomes supersymmetric; and substituting these values in Eq. (41) we indeed find β v 1 = β v 2 = β v 4 = 0 and
(restoring the 8π 2 factor) which is identical to the one-loop gauge β-function β s in the supersymmetric case.
Let us consider now the special case of SU(3). In SU(3), (H 1 , H 2 , H 3 ) form a basis; however if we set v 4 = 0 in Eq. (41) then we nevertheless have
This represents a set of contributions to β v 1,2,3 which we can identify by using the identity
Incorporating these contributions into Eq. (41) we thus find for in SU(3)
It is easy to check that this set still reduces correctly in the supersymmetric limit.
For the special case of SU (2), the basis is two dimensional and we have the identities
If we choose the basis (H 1 , H 2 ) then we find
Alternatively we could choose the basis (H 3 , H 4 ) when we find
With this basis the supersymmetric limit is again apparent; setting v 4 = 0 and v 3 = α e = α s we obtain β v 4 = 0 and β v 3 = −12α 2 s as expected. For the fundamental representation of SU(N) we find (49) and hence for the case of 2n f sets of fermions in the fundamental representation of SU(N) (corresponding to QCD with n f flavours),
so that the complete set of β-functions for this case is:
It is straightforward to incorporate the fermion contributions in our other choices of bases involving u i or w i .
Turning again to the special case of SU (3), and setting v 4 = 0 in Eq. (51) we have
and incorporating these contributions into Eq. (51) we thus find for SU(3):
The special case of SU (2) in the fundamental fermion case we leave as an exercise for the reader.
The general case
In this subsection we give the results for β v i for a general gauge group. The various group invariants are defined in Appendix A, where results for them for the fundamental representations of SU(N), SO(N) and Sp(N) also appear.
We have derived these results both by substituting in the general expressions that follow and by direct calculations with each class of group in the manner described in the previous section.
We find
The forms taken by C A,R , I 2 (R) and the various invariants D 2 (A) etc for SU(N), SO(N)
and Sp(N) are given in Tables 2-4 in the Appendix. Using Table 2 , it is easy to show that the results in Eq. (54) reduce to the results in Eq. (51) for the case of SU(N).
The general four-loop results
The renormalisation constants for the various couplings are defined through
where Γ ψψε and Γ εεεε are the one-particle irreducible ε-scalar-fermion and four-ε-scalar Green functions, respectively, the superscript "0" denotes bare quantities, and µ is the renormalisation scale. The renormalisation constants associated with the various couplings satisfy the following relations
with renormalisation constants as defined in Eq. (11) and Eq. (12).
Let us define the β functions for the corresponding couplings in the DR scheme: 
Here and in the following we do not explicitly display the dependence on the renormalisation scale µ, i.e., α s ≡ α s (µ) etc. Note that in the second line of Eq. (57), the O(ǫ) terms of β e and β vr contribute to the finite part of β DR s , and similarly for Eqs. (58) and (59). As we will see below, in order to compute the four-loop term of β DR one needs β e to two loops and β vr (r = 1, · · · 4) to one loop.
For the cases when the fermion representation allows a mass term we introduce the fermion mass anomalous dimension, which is defined through
From this equation one can see that for the four-loop term of γ DR m , the beta functions β e and β vr are needed to three loops and one loop, respectively, since the dependence of Z DR m on α e (v r ) starts at one loop (three loops) [1] . The general result for the two-loop order β e is known [1] and for the three-loop order contributions we find (generalising the QCD results from Ref. [2] , using a similar calculational setup to the one applied in [1, 2] , which relies on the computer programs QGRAF [15] , q2e, exp [16, 17] and MINCER [18] ): 
(Here and elsewhere we denote ζ(n) by ζ n .) We computed the four-loop DRED quantities from their DREG counterparts using the indirect method discussed in Refs. [1, 19] . It is based on the following formulae: 
Let us briefly discuss the order in perturbation theory up to which the individual building blocks are needed. Of course, the MS quantities are needed to four-loop order; they can be found in Refs. [20] [21] [22] [23] . The dependence of α s and m DR on α e starts at two-and one-loop order [1] , respectively. Thus, β e is needed up to the three-loop level (cf. Eq. (62)). On the other hand, both α s and m DR depend on v r starting from three loops and consequently only the one-loop term of β vr enters in Eq. (62). It is given in Eq. (54).
For the four-loop analysis we also require the three-loop relations between α s and α
MS s
and between m DR and m MS . The two-loop results were presented in Ref. [1] , and the three-loop results for the special case of QCD in Ref. [2] . Parametrising the three-loop terms by δ 
where the dots denote higher orders in α MS s , α e , and v r . We find
The β function and anomalous dimension
Inserting Eqs. (64) and (65) into Eq. (62), we obtain 
are the one, two, three and four-loop gauge β-function coefficients calculated in DREG.
For the fermion mass anomalous dimension, we find
5 The four-loop supersymmetric case
Our conventions are such that substituting in the above equations the results of Tables 2-4 corresponds to a gauge theory with n f sets of Dirac fermions transforming according to the fundamental representation, or n f sets of fundamental two component fermions with n f sets of anti-fundamental two component fermions.
To extract the supersymmetric case we must make the replacements
With these substitutions we can compare our results for β s with the four-loop results for the gauge β-function β SYM s of SQCD which was presented in Ref. [6] :
We indeed find that using Eq. (70) in Eq. (57) precisely reproduces Eq. (71).
We have also checked that in the same supersymmetric limit, Eq. (61) reproduces the three-loop SQCD β-function.
Turning now to the case of softly-broken supersymmetry, there exists an exact result for γ m [8] :
whence it follows that
Using Eq. (70) in Eq. (60) precisely reproduces Eq. (73) in similar fashion.
The invariant D 3 (A) does not feature in either calculation, and the dependence on D 2 (A), N A , ζ 3 , ζ 4 and ζ 5 all cancel, although they appear in individual terms. It is tempting to speculate that this absence of higher order invariants and transcendental numbers (other than π) is related to the existence of the NSVZ scheme, in which the gauge β-function for any simple gauge group is given (in the supersymmetric case without matter fields) by the expression [24] , [25] 
which is manifestly free of them to all orders. It is natural to conjecture that the same property holds in the DRED scheme. For discussion of the relationship between β NSVZ s and β DR s see Ref. [7] .
Discussion
In this paper we have applied DRED to gauge theories with gauge groups SU(N), SO(N) and Sp(N), and calculated both the gauge β-function and the mass anomalous dimension to the four-loop level. These calculations required careful treatment of the evanescent Yukawa and quartic couplings of the ε-scalar. In the supersymmetric limit we explicitly verified that the β-function for the evanescent Yukawa coupling reproduces the gauge β-function through three loops.
The results for β Predictions based on theories with low energy supersymmetry require careful consideration of the transition between the MS and DR renormalisation schemes. If, for example, the decoupling of supersymmetric particles is carried out in several steps (as in split supersymmetry, for example [26] ) then it is essential to take into account the evanescent couplings (for a recent discussion and treatment of the running of α s and m b in the MSSM, see Ref. [27] .
A Group Theory
We consider a gauge group G with generators R a satisfying
We work throughout with a fermion representation consisting of n f sets of Dirac fermions or 2n f sets of two-component fermions, in irreducible representations with identical Casimirs, using R a to denote the generators in one such representation. Thus R a R a is proportional to the unit matrix:
For the adjoint representation we have
Thus we have
where N A is the number of generators and d R is the dimensionality of the representation R. Evidently are defined by
(similarly for
The additional tensor invariants occurring in our results for β s and γ m are defined as
In table 2-4 we present results for the various tensor invariants for the groups SU(N), SO(N) and Sp(N), when the fermion representation R is the fundamental representation. In each case the constant b reflects the arbitrariness in the choice of normalisation of the generators (see Eq. (18) for SU(N)).
B The groups SO(N ) and Sp(N )
In this section we derive explicit expressions for the β-functions for the ε-scalar quartic interactions for the groups SO(N) and Sp(N). These may also be derived from Eqs. (54) using tables 3, 4.
B.1 The case G = SO(N )
Let us consider SO(N). The defining representation of the generators of SO(N) is given by the set of matrices
satisfying the algebra 
with C A = 2(N − 2).
We will, however, present results for an arbitrary normalisation of the generators such that
where b is a constant. Useful checks on our calculations will be provided by the isomorphisms
and SO(6) ≡ SU(4) Z 2
which mean that the Lie algebras of SO(3) and SU(2), and of SO(6) and SU(4) are identical. Note that to compare our result for SO(3) with the corresponding result for SU(2) (where with the conventional normalisation we have C A = 2) we will need to set b = 2, while to compare SO(6) with SU(4) we will similarly need to set b = 1.
The basis for 4-tensors for SO(N) for N ≥ 4 has γ = 6 and can be chosen to be 5 (we adopt a shorthand notation with [i 1 i 2 ] → i etc.): P 1 = δ ij δ kl , P 2 = δ ik δ jl , P 3 = δ il δ kj , P 4 = f ijm f klm ,
where (F i ) mn = f min .
Some useful identities for reduction of various 4-tensors to the basis are as follows : 
and hence we find for fermions in the fundamental representation a contribution to the β-functions (for n f flavours) of the form
It is straightforward to incorporate these contributions into Eq. (98) in the same manner.
B.2 The case G = Sp(N )
We will here be considering the unitary symplectic group. The generators of Sp(N) satisfy
and I is the unit matrix. Evidently N must be even. For the case N = 2 it is easy to check by explicitly constructing R a to satisfy Eq. (103) that Sp(2) ≡ SU(2). Another useful check on our calculations will be provided by the isomorphism
If we write N = 2n, the generators may be written as L αβ , where an infinitesimal group element S may be written
where a αβ = a * βα and L αβ = L −β−α , α, β = ±1, ±2, · · · ± n (107) (Thus the correspondence Sp(2) ∼ SU(2) is L 11 ∼ J 3 , L 1−1 , L −1,1 ∼ J ± = J 1 ± iJ 2 .)
They obey the commutation relations Table 2 : SU(N) Group invariants (here R is the fundamental representation). Table 4 : Sp(N) Group invariants (here R is the fundamental representation).
